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Abstract Previous studies have computed and modeled
fluid flow through fractured rock with the parallel plate
approach where the volumetric flow per unit width normal
to the direction of flow is proportional to the cubed
aperture between the plates, referred to as the traditional
cubic law. When combined with the square root relation-
ship of displacement to length scaling of opening-mode
fractures, total flow rates through natural opening-mode
fractures are found to be proportional to apertures to the
fifth power. This new relationship was explored by
examining a suite of flow simulations through fracture
networks using the discrete fracture network model (DFN).
Flow was modeled through fracture networks with the same
spatial distribution of fractures for both correlated and
uncorrelated fracture length-to-aperture relationships.
Results indicate that flow rates are significantly higher for
correlated DFNs. Furthermore, the length-to-aperture rela-
tions lead to power-law distributions of network hydraulic
conductivity which greatly influence equivalent permeability
tensor values. These results confirm the importance of the
correlated square root relationship of displacement to length
scaling for total flow through natural opening-mode fractures
and, hence, emphasize the role of these correlations for flow
modeling.
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Introduction

Dilitant fractures in rock (Fig. 1) are the most abundant
structures in the brittle part of the Earth’s crust. Their size can
range from microscopic to regional scales, e.g. microcracks,
joints, large-scale joints and joint networks. Wherever
bedrock lacks interconnected pore space, as in crystalline
or highly consolidated sedimentary rocks, fractures govern
the hydraulic properties of these rocks (e.g. Bear et al. 1993;
National Research Council 1996). Hence, a study of
fractured rock and fracture networks in terms of their
hydraulic conductivity is of central importance to the
petroleum industry as well as to hydrogeology and geo-
logical engineering with implications for contaminant
migration through fractured rock masses and petroleum
extraction from fractured reservoirs. Accordingly, many
studies have put emphasis on the characterization of
fractures (e.g. Cowie and Scholz 1992a; Dawers et al.
1993; Dawers and Anders 1995; Rubin 1995; Vermilye and
Scholz 1995; Clark and Cox 1996), and modeling of fluid
flow through fractures and fracture networks (e.g. Long et al.
1985; Brown 1987; Taylor et al. 1999; Rivard and Delay
2004). So far, however, both fields have mainly been studied
independently from each other with relatively few attempts
being made to connect the disciplines of fracture mechanics
and fracture hydrology with theoretical considerations
(de Dreuzy et al. 2001, Baghbanan and Jing 2006; Masihi
and King 2007; Neuman 2008) or by matching results of
numerical modeling around fracture data from a single
borehole (Hartley et al. 2004). In this study, it is shown that
fluid flow through fractures can be directly correlated to
recently established relationships of fracture scaling that
previously have not been exploited by fracture hydrology.

Flow through fractures
In most studies, fluid flow through fractures is concep-
tualized by using the assumption of laminar flow between
parallel plates (Boussinesq 1868; Snow 1965). The
parallel-plate solution for the Navier-Stokes equations
leads to the commonly used “cubic law” (Lomize 1961;
Snow 1965; Louis 1969; Krantz et al. 1979; Tsang and
Witherspoon 1981):

Q ¼ �rg 12mð Þ�1b3rh; ð1Þ
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where Q, the discharge per unit plate separation, or width,
normal to the direction of flow is a function of the cube of
the perpendicular distance between the two parallel plates,
also referred to as aperture b, the fluid density ρ, the
gravitational acceleration g, the fluid viscosity, μ and the
hydraulic gradient, ∇h. The total flow between parallel

plates (Fig. 2) results from Eq. (1) by introducing the
height, H, as:

Q ¼ �rg 12mð Þ�1b3rhH : ð2Þ
The cubic law accurately describes flow between

smooth-walled plates. However, natural fractures are more
likely to be rough walled, with walls contacting each other
at discrete points (asperities; Gangi 1978; Brown and
Scholz 1985; Brown 1987) and lowering total flow. In this
case, the equivalent aperture through which fluids can
flow, called the hydraulic aperture, is smaller than the
actual opening displacement of the fracture or mechanical
aperture. The pursuit of correlating mechanical to
hydraulic apertures has been met with limited success.
Different approaches have attempted to find a representa-
tive hydraulic aperture by introducing an empirical
relation between mechanical and hydraulic aperture
based on hydromechanical coupling experiments (Bandis
et al. 1985; Barton et al. 1985), corrections with a
friction factor (Witherspoon et al. 1980) due to the
tortuosity of the flow path in the fracture (Brown 1987;
Cook et al. 1990) or the geometric mean of the aperture
distribution (Renshaw 1995).

Correlation of fracture apertures to fracture lengths
In fracture mechanics, fractures are classified into three
displacement modes, i.e. opening-, sliding- and tearing
modes, based on the sense of deformation (opening or
shearing) in a local coordinate system that is defined by
the plane of the fracture (Irwin 1957; Sih 1962; Paris and
Sih 1965; Sih and Libowitz 1968; Pollard and Segall
1987). Fracture sets of all three modes have been analyzed
in terms of their displacement-length (D/L) scaling, a
common method in fracture mechanics relating fracture

a

b

Fig. 1 Opening-mode fracture network in granitic rocks of the
Sierra Nevada batholith near Somerset subdivision, Reno, Nevada.
a Photograph of the outcrop. Note compass for scale. b Sketch of
same outcrop, joints traced in black for emphasis. Longer joints
have wider opening displacements

Q
H

b

W

Fig. 2 Flow (Q) between parallel plates with apertures (b), plate
heights (H) and plate lengths (W)
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lengths (L) to the corresponding amounts of displacement
(D). D/L scaling of sliding- (or tearing-) mode disconti-
nuities, i.e. faults, for example, is well documented and
understood. Maximum shearing displacements of fault
populations are proportional to fault lengths; they scale as
a linear function (e.g. Cowie and Scholz 1992a,b; Clark
and Cox 1996; Scholz 2002; Schultz et al. 2008a):

Dmax ¼ gL; ð3Þ

where Dmax is the maximum (shearing) displacement
along the fault, L the length and g a proportionality
coefficient related to the rock mechanical properties of the
surrounding rock. In Fig. 3 (after Schultz et al. 2008a), the
compiled fault data includes a total of 14 fault populations
scaling linearly in displacement and length. Values of g
range between 10−1 and 10−3 (dotted lines) for the entire
compilation of faults, with smaller ranges of g for
individual fault populations.

Early studies of opening-mode fractures, i.e. joints,
veins, and dikes, also suggested a linear relationship
between maximum fracture displacements and lengths
(Vermilye and Scholz 1995). By linking the general D/L
scaling relationship for fractures (Eq. 3) with critical stress
intensity factor (fracture toughness) KIc associated with
the growth of joints and other opening-mode fractures,
Olson (2003) obtained, instead, a non-linear, square root
power-law distribution:

Dmax ¼ aL0:5; ð4Þ

where α, the proportionality coefficient:

a ¼ KIc 1� nð Þ2
E

ffiffiffi
8

p
ffiffiffi
p

p ð5Þ

includes the fracture toughness KIc, Poison’s ratio ν, and
Young’s modulus E, all material specific constants of the
host rock. Olson (2003) further showed that mechanical
interaction between closely spaced fractures can lead to
variability in scaling exponents depending on the fracture
spacing and suggested that exponents greater than n=0.5
could result from post-jointing relaxation or other secon-
dary effects.

The exponent of n=0.5 is related to a constant fracture
toughness, which describes the ability of a rock containing
a fracture to resist further fracturing (Olson 2003; Schultz
et al. 2008a). This relationship is supported by a total of
10 field datasets composed of up to 46 individual
measurements of dikes, veins and joints (Fig. 4), including
7 previously reported fracture sets (Olson 2003; Schultz et
al. 2008a; Schultz et al. 2008b) and 3 sets newly acquired
for this study. The new data consist of Dmax/L measure-
ments of 2 sets of dikes and 1 set of veins from outcrops
within the Sierra Nevada batholith (see Appendix 2 for
description). All of these datasets are consistent with
square-root scaling relationships with exponents ranging
from 0.22 to 0.69 and an average of 0.5 (Table 1). The
given variability in exponents as reported in the literature
and noted here, as well as the intrinsic scatter of
measurements (Fig. 4), are explained by several factors
including fracture orientation, joint network geometry,
mechanical interactions, three-dimensional (3D) shape,
and the location along the structure’s surface where the
displacement was measured.

In the following, the square-root D/L scaling relation-
ship of opening-mode fractures is combined with the
cubic law and a relationship for flow between parallel
plates with correlated apertures to lengths is derived. Then
it is shown that this relationship is important for the
prediction of flow rates through fracture networks.
Equivalent hydraulic permeability tensors for fracture
networks with and without correlated apertures to lengths
are computed, compared and interpreted.

Cubic law with correlated aperture to length

Flow through fractured rock is commonly determined with
the cubic law Eq. (1), in which fracture length and
aperture are uncorrelated. Previous studies modeled flow
rates through fracture networks where apertures were
randomly assigned to fracture lengths. Moreover, labo-
ratory experiments on fluid flow through either artificially
created fractures (e.g. Watanabe et al. 2008) or natural
fractures (e.g. Raven and Gale 1985) involved sampling
only a subset of a fracture. Hence, these results were in
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Fig. 3 Compilation of D/L scaling of faults after Schultz et al.
(2008a,b). Normal faults (NF), color symbols; strike slip faults
(SSF), gray symbols; thrust faults (TF), black symbols. Lines of
constant slope (power-law exponent n=1, dotted lines) are shown
for different �
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accord with the traditional cubic dependence of apertures
on flow rates but do not represent total flow through whole
natural opening-mode fractures.

Olson (2003) related the maximum opening-mode
displacement Dmax to the average displacement Davg as:

Davg ¼ p
4
Dmax: ð6Þ

Combining Dmax from Eq. (4) with Eq. (6) and solving
for L, yields

L ¼ 16Davg
2

pað Þ2 : ð7Þ

This relationship establishes a correlation between
length and the average distance between the walls of a
smooth-walled fracture with an elliptical displacement

profile. It allows for an elliptical fracture to be modeled as
two parallel plates separated by Davg. In this case, Davg is
equal to aperture b in the cubic law (Eqs. 1 and 2). Since
the propagation of isolated fractures in homogenous media
produce equidimentional crack geometries, called ‘penny-
shaped’ cracks in the fracture mechanics literature (e.g.,
Lawn 1993 p. 32), where L equals the fracture height H
(Jaeger 1969; Timoshenko and Goodier 1970; Jaeger and
Cook 1979; Fig. 5), the Davg/L relationship in Eq. (7) can
be substituted for H in the cubic law (Eq. 2) resulting in:

Q ¼ � 4rg

3m pað Þ2 b
5rh: ð8Þ

Total flow through an aperture to length correlated
fracture set is proportional to b5, implying a greater non-
linearity between flow rate and aperture than predicted by
the cubic law. We refer to the previously mentioned form
of the cubic law for total flow in a natural fracture with
correlated aperture to length as the “quintic law”.

The quintic law contains the primary assumptions of the
traditional cubic law (Eq. 1) that describes laminar,
incompressible fluid flow between two smooth-walled
parallel plates separated by distance b. Consequently, the
same limitations associated with the parallel-plate assump-
tion apply. This pertains in particular to the effect of fracture
wall roughness. Despite a lack of agreement of explicit
details, all applications accounting for the roughness of the
fracture walls (e.g. Bandis et al. 1985; Barton et al. 1985;
Witherspoon et al. 1980; Brown 1987; Cook et al. 1990;
Renshaw 1995) show that the hydraulic and mechanical
apertures of the fracture are related and do not affect the
cubic and, hence, quintic exponents (Eqs. 1, 2 and 8).

Using field measurements of apertures and lengths of
natural opening-mode fractures (Fig. 4) for flow rate
calculations between parallel plates demonstrates that
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Fig. 4 Compilation of D/L scaling of 10 opening-mode fracture
sets. Fracture lengths scale to fracture apertures as power-law
functions with exponents n∼0.5. For reference, several square root
functions indicate power-law dependence (black dashed lines). For
comparison linear functions (gray dashed lines) are also shown

Table 1 Values of exponents and proportionality coefficients for
opening-mode fracture sets

Fractures Exponent α

Shiprock dikes 0.4325 0.4435
Florence Lake veins 0.4916 0.0007
Culpeper veins 0.3941 0.0010
Ethiopia dikes 0.5542 0.0527
Moros joints 0.4789 0.0025
Lodève veins 0.4703 0.0102
Sudan dikes 0.2191 1.1645
Emerald Bay veins 0.5521 0.0009
Emerald Bay dikes 0.6759 0.0066
Donnor Pass dikes 0.6915 0.0094
Average 0.4960 -

H

L
Dmax

Fig. 5 ‘Penny-shaped’ opening-mode fracture model with ellip-
tical opening displacement profile showing fracture length L,
maximum displacement Dmax and fracture height, H
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there is indeed a higher non-linearity between total flow
through natural opening-mode fractures and aperture
(Fig. 6). In this diagram, the dependence of total flow
rates on apertures obeys a power law with exponents close
to or equal to 5.

The application of the cubic law to faults is not as
straightforward, since displacements cannot directly be
linked to hydraulic apertures as is possible for joints and
other opening-mode fractures such as dikes and veins.
Fault displacements can be orders of magnitudes larger
than those of opening-mode fractures; however, faults
may lack any opening displacements. Therefore, faults can
function as barriers or conduits to flow. Despite the fact
that faults obey linear D/L scaling relationships, their roles
in conducting fluid flow depend on several other param-
eters that cannot easily be generalized. An incorporation
of faults into general models for fluid flow is therefore not
considered in this study.

Both the mathematical consideration in Eq. (8) as well
as the computation of flow rates with data from natural
opening-mode fracture sets (Fig. 6) point to a quintic
dependence between flow rates and fracture apertures.
This indicates that, in a fracture network, the longer
fractures with wider apertures conduct higher volumes of
fluids, whereas shorter fractures with smaller apertures
conduct smaller volumes. In the following, flow is
simulated through opening-mode fracture networks with
and without aperture-length correlation.

Numerical simulations

The previous sections describe the power-law relationship
between fracture aperture and length for natural fractures,

and its influence on fluid flow at the single fracture scale. In
the following sections, the impact of this power-law depend-
ence on fluid flow at the network scale is investigated.

Flow properties of aperture to length correlated networks
are numerically investigated using a two-dimensional (2D)
discrete fracture network (DFN) code specifically designed
for this study. The DFN code generates random fracture
networks according to probability distributions of fracture
spacing, length and orientation and values of fracture density.
It then computes the hydraulic backbone, the total number of
fracture segments capable of conducting flow under the
influence of any arbitrary head gradient across the domain
boundary, and solves for flow through this backbone. Details
on stochastic fracture network generation and solution of
flow for given specified boundary conditions will be
discussed in the following.

Equivalent permeability tensors (k), based on global
network flow through the faces of the DFN, are used as a
metric to compare flow through aperture-length correlated
networks and classical discrete fracture network simula-
tions where aperture and length are assumed to be
uncorrelated. These two cases are referred to as “corre-
lated” and “uncorrelated” networks, respectively. The
same spatial distribution of fractures in the backbone
structure is used for both correlated and uncorrelated
cases. Individual segments of the uncorrelated network are
randomly assigned the same hydraulic conductivity (K)
values computed during the generation of the correlated
network. This procedure preserves both the network
geometry and underlying K distribution from the corre-
lated network, and, thus, ensures accurate and reliable
comparisons between correlated and uncorrelated cases.

Stochastic generation of fracture networks within the
model domain involves the addition of fractures with
random location, length and orientation until a specified
criterion is reached (Table 2). For all network cases, the
density criterion is above the percolation threshold and is
conducive to backbones that contain multiple domain-
spanning interconnected clusters (Fig. 7). The portion of
fractures exceeding a given length is modeled according
to a power-law dependence on length: 1−F(L)∈L-a, where
F(L) is the cumulative distribution function (CDF) for
length L, and a is the power-law exponent (Davy 1993;
Marrett 1996; Renshaw 1996; Odling 1997; Renshaw
1999; Bonnet et al. 2001) . For this study values for a
were chosen to be a=1, a=2 and a=3. If L 2 ½Lmin;1Þ,
then the CDF is given as:

F Lð Þ ¼ 1� LaminL
�a: ð9Þ

Differentiating Eq. (9) yields the probability density
function (PDF) for length,

f Lð Þ ¼ aLamin

Laþ1
: ð10Þ

Length values described by Eq. (10) are generated in
the models by computing LminU

� 1=að Þ, where U is a
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Fig. 6 Flow rates, derived with cubic law from natural fracture
data, are plotted against average apertures of the fractures. Slopes
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previously assumed, uncorrelated cubic relation (gray dashed lines)
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uniform random variable between zero and one. The
locations of fracture centers are assumed to be uniformly
distributed over the computational domain. The fracture
orientations are modeled according to von Mises-Fisher
distribution functions which may be thought of as a
circular (or spherical in 3D) analogue of the normal
distribution. The PDF for von Mises-Fisher distribution
for the angle θ is given as:

f qjw; kð Þ ¼ ek cos q�wð Þ

2pI0 kð Þ ð11Þ

where I0(κ) is the modified Bessel function of order zero.
The parameter ω is the measure of location around which
the distribution is clustered and is analogous to the mean
in the normal distribution. The parameter κ is an inverse
measure of the dispersion around a mean orientation, ω, i.
e., if κ is small, the distribution becomes close to uniform,
whereas if κ is large, the distribution becomes concen-
trated about the mean orientation, ω. To generate random
variables for the von Mises-Fisher distribution, the
algorithm given by Best and Fisher (1979) is used.

The fracture networks each contain two sets of
fractures (differing only in their mean orientation, ω) for
three length distribution functions with power-law expo-
nent values of 1, 2, and 3, respectively (Table 2). The
mean orientations of the fracture sets in all cases are
orthogonal according to values of 0° and 90° with κ equal
to 30 to allow for significant deviation in orientation from
the mean. The orthogonal orientation is intended to
simplify the computation of the hydraulic conductivity
tensor by effectively restricting the non-diagonal compo-
nents to zero. Fractures are generated until the 2D fracture
density satisfies the value given in Table 2. Note that
lower values of the power-law exponent leads to the
generation of longer fractures (Fig. 8), and consequently a
higher degree of connectivity between the fractures. As a
result, density values required to establish a hydraulic
backbone sufficiently above the percolation threshold are
less for lower exponent values (Table 2).

Hydraulic conductivity values for the correlated net-
works are computed first using Eq. (7) to relate fracture
length to average (hydraulic) aperture b, and then using
the classical cubic law to compute K, where K=ρg
(12µ)−1b2. Note that the simulations in this study are in

2D; hence the quintic relationship described by Eq. (8)
does not directly apply since fracture height in the
simulations is set to unity. The dependence of fracture
length on aperture, given the power-law distribution of
fracture length, results in power-law distributions of K.
Specifically, the distribution of K within the fracture
networks is proportional to K-a, where a is the fracture
length exponent; note that the square root dependence of
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Fig. 7 Typical hydraulic backbones for power-law length expo-
nents of a a=1.0, b a=2.0 and c a=3.0 and associated parameters
(Table 2)

Table 2 Parameters used for the generation of the fracture networks

Power-law exponent, a 1.0 2.0 3.0

Fracture density, m/m2 0.7 1.2 2.0
Domain width, m ≤100 ≤80 ≤60
Domain length, m ≤100 ≤80 ≤60
Mean orientation, ω, of set 1 0˚ 0˚ 0˚
Variation in orientation, κ, set 1 30 30 30
Probability, set 1 50% 50% 50%
Minimum fracture length, set 1, m 2 2 2
Mean orientation, ω, of set 2 90˚ 90˚ 90˚
Variation in orientation, κ, set 2 30 30 30
Probability, set 2 50% 50% 50%
Minimum fracture length, set 2, m 2 2 2
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length on aperture and the squared dependence of aperture
on K cancel each other. This results in K distributions that
become less broad as values of a increase from 1 to 3.
This observation could possibly influence the domain size
at which a representative elementary volume (REV) is
established. Values of K computed from the correlated
networks are randomly shuffled and then assigned to
individual fracture segments of the uncorrelated network,
thereby preserving the distribution of K between the
correlated and uncorrelated cases.

Isolated fractures, isolated clusters, and dead-end
segments are eliminated next to determine the configu-
ration of the hydraulic backbone. Typical configurations
of hydraulic backbone for parameters listed in Table 2 are
shown in Fig. 7. As is evident from the backbone, the
cases of a=1 and a=3 are dominated by very long and
very short fractures respectively. The case of a=2
represents an even mix of longer and shorter fractures.
One would expect an increased flow heterogeneity for
fracture networks with longer fractures than for the cases
with shorter fractures. Hence, the maximum domain width

and domain length (Table 2) used in the simulation
decreases with increasing a.

Instead of computing equivalent k at a fixed domain
size (e.g. Zhang et al. 1996), changes in k with the scale
of the domain are examined to identify the scale at which
an REV is established (Kulatilake and Panda 2000;
Baghbanan and Jing 2006; Chen et al. 2008). Previous
studies were restricted to a few thousand nodes (i.e.,
fracture intersections) distributed according to either small
domain sizes with higher fracture density (Kulatilake and
Panda 2000; Min et al. 2004; Baghbanan and Jing 2006;
Chen et al. 2008) or larger domains with smaller network
density (Zhang et al. 1996). However, the numerical
methods employed by the DFN code in this study have
dramatically reduced simulation times as compared to
previous studies. This allows investigation of both a
greater number of domain length scales and statistically
equivalent realizations for each network type. Ten domain
sizes are considered, starting at 10% of the maximum size
and increment in multiples of 10%, for each value of a.
The net flow rate through the domain is composed of the
principal flow rates in the x-direction (qxx) and y-direction
(qyy), and the cross flow rates (qxy and qyx). Suitable head
boundary conditions are imposed on the networks (Fig. 9)
and flow rate components are computed for all domain
sizes by using the techniques of a discrete fracture
network (DFN) model as elucidated in Priest (1993).
The process is repeated for cases with an uncorrelated
permeability field and the corresponding flow rate com-
ponents are obtained. By assigning mean orthogonal
fracture sets with orientations aligned with the principal
directions of a Cartesian coordinate system (Table 2),
comparable values of flow rates in the principal directions
are ensured. The principal and off-diagonal components of
K can be determined from the matrix form of Darcy’s law
(Zhang et al. 1996):

qxx qxy
qyx qyy

� �
¼ Kxx Kxy

Kyx Kyy

� � rHx 0
0 rHy

� �
ð12Þ
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Fig. 8 Computed length distributions for exponents of a=1, a=2
and a=3 showing the different ranges of fracture lengths for the
different exponents

qxxqxy

yyq yxq

Fig. 9 Principal flow directions for a 2D domain with linear head boundary conditions shown in the x-direction (qxx), y-direction (qyy), and
the cross flow directions (qxy and qyx)
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where ∇Hx and ∇Hy are the head gradients in the x- and y-
directions respectively. Components of equivalent k can
easily be computed by inverting Eq. (12). In the
simulations, a unit head gradient in both directions for
all domain sizes is used, so that the value of the components
of flow rate and the components of equivalent k are
numerically equal. Therefore, the four components of
hydraulic conductivity tensor are computed for the corre-
lated case for all ten domain sizes and each value of
exponent a. This process is then repeated for the uncorre-
lated case. Final values of k represent the ensemble-average
from 100 Monte Carlo simulations. On a computational
cluster with 32 CPUs, the efficacy of the code was
demonstrated by a simulation time of about 15 min for
case with power-law exponent of 1, a simulation time of
about 2 h for case with power-law exponent of 2, and a
simulation time of about 10 h for case with power-law
exponent of 3. The increase in simulation times is caused by
the higher fracture densities required to reach a suitable
backbone, where the number of unknowns (fracture
intersections) within the interior of the DFN for the largest
sizes for the above exponents is approximately around
1,200, 2,200 and 4,000, respectively.

Results and discussion

Information on flow rates calculated from natural fracture
data sets (Fig. 6) and the derivation of the quintic law (Eq. 8)
both indicated a higher non-linearity between flow rates and
fracture apertures. The effects of this quintic relationship
were explored by modeling the permeability tensor (k) and
an investigation in the establishment of an REVof identical
fracture networks with either correlated or uncorrelated
apertures to lengths. Due to the correlation of aperture to
length and, hence, correlation of the hydraulic conductivity
(K) to fracture lengths, the K-distribution becomes directly
linked to the power-law fracture length distribution. Model-
ing flow through fracture networks is, in this study, therefore
based on a power-law K distribution as opposed to more
commonly used lognormal distributions.

Results of the numerical simulations indicate that
correlated fracture networks of all fracture length distri-
butions have a significantly higher permeability than the
uncorrelated networks (Fig. 10). In addition, k displays a
change from an upward trend for fracture length distribu-
tions with exponents of a=1 to a downward trend for a=3.
Only for a=2 an REV is established in the range of modeled
DFN sizes (Fig. 10).

Fig. 10 Ensemble averaged values for the principal components
of k for correlated and uncorrelated networks. The black curves
representKxx and the red curves represent Kyy. Solid lines indicate k for
correlated fracture networks and dashed lines show k for the
uncorrelated fracture networks, respectively. a Values of principal k
components Kxx and for a=1.0. Note the consistent difference by a
factor of about two in principal k values for the correlated and
uncorrelated cases, and the upward trend in principal k values with
DFN size. b Values of principal components Kxx and Kyy for a=2.0.
Note the consistent difference by a factor of about six in principal k
values for the correlated and uncorrelated cases, and the relatively flat
trend in principal k values with DFN size. c Values of principal k
components Kxx and Kyy for a=3.0. Note the consistent difference by a
factor of about two in principal k values for the correlated and
uncorrelated cases, and the downward trend in principal k values with
DFN size
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Differences in principal permeability values between the
correlated and uncorrelated cases are a direct result of the
proposed correlation. Again, it is emphasized that both cases
have the same power-law K distributions. For correlated
networks, each fracture gets assigned the appropriateK value
according to the square root aperture-to-length relationship.
Therefore, the longest fractures have the widest apertures
and as a result of that they have the highest conductivities.
Hence, they also have the highest impact on the permeability
of the fracture network in terms of greatest amount of flow
given their role in linking otherwise isolated clusters in the
network. For uncorrelated networks, however, this same K
distribution is shuffled and randomly assigned to fractures of
any length. Consequently, the longer fractures can have low
K values, whereas shorter fractures can have high K values.
Neither the long fractures with low K values nor the short
fractures with possible high K values significantly increase
network fluid flow resulting in the lower equivalent
permeability values for the uncorrelated fracture networks.

Differences in principal k values between the corre-
lated and uncorrelated networks are relatively constant
(Fig. 10). For length distributions with exponents of a=1
and a=3, the principal k values for the correlated
networks are more than twice as high when compared to
the uncorrelated ones (Fig. 10a,c). Principal k values for
correlated networks with length distributions of a=2 are
even higher; they differ by a factor of 6 when compared to
the principal k values of uncorrelated networks (Fig. 10)b.

There is an upward trend in permeability tensor values for
lower exponents of length distributions, whereas downward
trends are present for higher exponents (Fig. 10). In
particular, length distribution exponents of a=1 lead to k
values that increase with DFN size (Fig. 10)a. For length
distribution exponents of a=1, the probability of longer
fractures in larger DFN sizes is increased (Fig. 8), also
resulting in the generation of higher K values. This broad-
ening of the K distribution yields, regardless of the
correlation, higher permeability values with increasing
domain size. Here, the impact of the longer fractures is
maximized with the increase in size of the fracture network.

In contrast, fracture networks with length distribution
exponents of a=3 produce values of k that decrease with
DFN size (Fig. 10c) for both correlated and uncorrelated
DFN. As apparent in Fig. 8 the downward trend of the
fracture length distribution is rather steep, indicating that
shorter fractures occur far more often than longer
fractures. The probability of shorter fractures less than
the size of the DFN is much greater than for longer
fractures causing an increasing ratio of short to long
fractures. Consequently, the probability of lower K-values
is also increased, minimizing the impact of the longer
fractures with increasing DFN size and, therefore, reduc-
ing the permeability for larger domain sizes.

A transitional behavior of the k trends of the curve
exists for fracture length distributions around a=2.
Whereas the uncorrelated DFN simulations result in a
downward curve, similar to curves for a=3, the k tensor

for the correlated case is almost constant for all DFN sizes
(Fig. 10b). For a=2, the fracture length distribution is
intermediate (Fig. 8), with an even mixture of long and
short fractures exists. This even mixture also controls the
K distribution and most likely explains why the downward
and upward trends of the tensor are effectively balanced
with changes in DFN size.

As mentioned previously, the power-law distributions
used to computeK values for individual fractures are directly
linked to fracture length. Accordingly, the heterogeneity in
the K distribution decreases as the length distribution
exponent increases from a=1 to a=3. Based on this quality,
one would expect an REV to be established in the order of
less heterogeneity. However, results of this study show that
an REV only exists for networks with fracture-length
distribution exponents of a=2 where an REV is established
around a DFN size of 50 m (Fig. 10b). In contrast, values of
the k tensor for networks with length distribution exponents
of a=1 and a=3 display an ongoing upward trend or
downward trend respectively (Fig. 10a,c). This shows that
there is no REV established within the modeled range of
DFN sizes. In addition, the ongoing upward (a=1) and
downward (a=3) trends suggest that these networks may not
satisfy REV conditions within scales at which DFN are
computationally feasible.

The lack of the formation of an REV is closely related
to the length distribution. Backbones with length distri-
butions where the exponent is low (a=1) are dominated
by long fractures (Fig. 7a), where the longest fractures are
constantly truncated by the domain size. As DFN size
increases, fractures become longer and can further
promote fluid flow through enhanced connectivity. The
opposite is true for fracture networks with length
distributions where exponents are high (a=3). Here, the
backbone is dominated by short fractures (Fig. 7c). The
importance of longer domain spanning fractures is con-
stantly diminished with increasing domain size resulting
in the observed decrease of permeability for increasing
network sizes. Again, for networks with fracture length
distributions around a=2, the even mixture of short and
long fractures promotes the establishment of an REV.

De Dreuzy et al. (2002) previously investigated the
influence of a power-law aperture distribution on the
permeability of fracture networks. Based on the use of a
power-law length distribution for their modeling experi-
ments and linear aperture to length scaling relationships
(e.g. Vermilye and Scholz 1995), they concluded that the
aperture distribution must also obey a power law. When
combining their proposed aperture distribution with the
cubic law, they also obtained a power-law permeability
distribution for their fracture networks. Results show that,
for low exponents, flow is channeled independent of
system size, whereas higher exponents cause the flow to
be much more distributed over the fracture network.
Observations by de Dreuzy et al. (2002) are, in general,
consistent with this study. However, our simulations show
an intensification of the observed effects with increasing
scale (Fig. 10). Secondly, our simulations are consistent
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with more recently determined square root aperture to
length scaling (Olson 2003), where each individual
fracture length is correlated to its appropriate aperture so
that power-law distributions of K are proportional to K-a

with a being the fracture length exponent. Our results
emphasize the importance of the choice of aperture to
length scaling function (i.e., Eq. 4).

Renshaw (1999) compiled estimates of power-law
exponents and obtained a mean exponent of a=1.8 with a
standard deviation of 0.4. This suggests that fracture-length
distribution exponents for the majority of natural fractures
should range between 1.4 and 2.2. For this range results, of
this study (a=2) exhibit a difference in principal k values
between correlated and uncorrelated networks of a factor of
6. Hence, modeling flow through fracture networks with
correlated fracture length to aperture, as observed in nature,
indicates that volumetric flow rates are likely underestimated
with conventional modeling approaches where fracture
length and permeability are uncorrelated. Higher volumetric
flow rates also suggest that volume estimates of jointed
petroleum and groundwater reservoirs are higher than
previously assumed. Furthermore, the correlation between
length and aperture of fracture sets shows that inverse
measures of hydraulic apertures (e.g. Watanabe et al. 2008)
were overestimated with the traditional cubic law. Obtaining
hydraulic apertures from measured flow rates using the
quintic relationship would yield lower values.

Fracture sets with correlated aperture to length and a
fracture length distribution exponents of a=2 most closely
reflect flow characteristics of natural fracture sets in this
study. For this case, results show relatively constant k
values throughout all DFN sizes. However, simulations
here only investigated DFN with fracture densities slightly
above the percolation threshold. Further studies in this
range of distribution exponents with different fracture
densities could provide a better understanding of the
permeability for natural fracture sets.

Conclusions

Given the square root correlation of fracture apertures to
lengths with flow between parallel plates, total flow rates
through natural opening-mode fractures are shown to be
proportional to apertures to the fifth power. The correla-
tion also demonstrates that the hydraulic conductivity of
the network is directly related to the power-law length
distribution applied to the fracture sets. For DFN flow
modeling, this quintic law is reflected in usage of a power-
law K distribution, where each fracture of a network was
assigned the appropriate K value. Results were compared
to networks with the same spatial distribution of fractures
but K values were arbitrarily assigned to fractures. Results
indicate that correlated fracture networks have up to 6
times higher principal k values than uncorrelated net-
works. In addition, results show that the power-law K
distribution exerts a significant impact on the tensor curve

and the associated establishment of an REV. Curves for
networks with length distributions where the exponents are
either low (a=1) or high (a=3) have ongoing upward or
downward trends respectively and, within the tested range,
the REV is not established. The intermediate example for
networks with an exponent of the length distribution of a=2
shows relatively constant values for the k tensor throughout
all DFN sizes, also an REV is established.

Results of the simulations are consistent with observa-
tions and calculations of flow rates through natural
fractures and they point out the importance of the square
root correlation. Consequently, these results indicate that
the quintic law should be taken into account for the
computation and simulation of flow rates through natural
opening-mode fracture sets and networks.
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Appendix 1: Notation

a Fracture length distribution exponent
α Proportionality coefficient

(opening-mode fractures), m1/2

b Aperture, m
D Displacement, m
Davg Average opening displacement, m
Dmax Maximum opening displacement, m
Δ σI Opening-mode driving stress, Pa
E Young’s modulus, Pa
θ Fracture orientation
g Acceleration of gravity, m/s2

g Proportionality coefficient (faults)
H Height of parallel plates, fracture height, m
∇h Hydraulic head gradient
∇Hx Head gradient in x-direction
∇Hy Head gradient in y-direction
I0(ĸ) Modified Bessel function of order zero
KIc Fracture toughness, MPa m1/2

K Hydraulic conductivity, m/s
k Permeability tensor, m2

Kxx Principal direction of permeability tensor, m2

Kxy Principal direction of permeability tensor, m2

Kyx Cross direction of permeability tensor, m2

Kyy Cross direction of permeability tensor, m2

κ Variation in fracture orientation
L Fracture length, m
Lmin Minimum fracture length, m
μ Viscosity, Pa s
Q Volumetric discharge, m3/s
qxx Principal direction of specific discharge, m/s
qyx Cross direction of specific discharge, m/s
qyx Cross direction of specific discharge, m/s
qyy Principal direction of specific discharge, m/s
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ρ Fluid density, kg/m3

U Random variable for fracture length computation
Vf Fracture volume, m3

ν Poisson’s ratio
W Length of parallel plates
ω Mean fracture orientation

Appendix 2

The fault datasets presented in Fig. 3 are taken from Schultz
et al. (2008a) and references therein. The opening-mode
fracture datasets in Fig. 4 consist of seven previously reported
datasets from Olson (2003) and Schultz et al. (2008a, b).
Three newly acquired datasets were measured in outcrops of
the Sierra Nevada batholith around Lake Tahoe, CA.

A set of NW/SE striking vertical dikes was carefully
measured in terms of their length and opening displace-
ment in exposures of glacially polishedMesozoic granitoids
of the Donner Summit Pluton, near Donner Pass, CA. Two
types of dikes were observed. Simple dikes comprise the
majority of dikes in this region and are of granodioritic
composition. The second type of dikes, referred to as
complex dikes consist of two phases, an outer pegmatitic
phase and an inner phase of a more mafic composition (Ward
1993). This dataset consists of a total of 28 D/L measure-
ments ranging from 1.13 to 50.5m in length.

Glacially polished granitoids are also present west of
Emerald Bay State Park, CA. Here, a set of E/W striking
dikes of pegmatitic composition and another set of steeply
NE\SW striking quartz-filled veins was measured between
Cascade Lake and Granite Lake. Both sets each include 14
individual measurements of fracture length and opening
displacement. Measured dike lengths range between 1.38
and 48m. Measured veins have lengths between 2.06 and
11.42m. Measurements were taken with a 30-m steel tape,
displacements and lengths have measurement uncertain-
ties of ±0.5 and ±10mm, respectively.
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